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Abstract
We combine two important ideas in the analysis of large-scale genomics experiments (e.g. experiments
that aim to identify genes that are differentially expressed between two conditions). The first is use of
Empirical Bayes (EB) methods to handle the large number of potentially-sparse effects, and estimate false
discovery rates and related quantities. The second is use of factor analysis methods to deal with sources
of unwanted variation such as batch effects and unmeasured confounders. We describe a simple modular
fitting procedure that combines key ideas from both these lines of research. This yields new, powerful
EB methods for analyzing genomics experiments that account for both sparse effects and unwanted
variation. In realistic simulations, these new methods provide significant gains in power and calibration
over competing methods. In real data analysis we find that different methods, while often conceptually
similar, can vary widely in their assessments of statistical significance. This highlights the need for
care in both choice of methods and interpretation of results. All methods introduced in this paper are
implemented in the R package vicar available at https://github.com/dcgerard/vicar.
1 Introduction
Many modern genomics experiments involve scanning the genome, or a list of genomic units (e.g. “genes”),
to detect differences between groups of samples. For example, a simple “differential expression” experiment
might measure the expression (activity level) of many genes in samples from two groups, and aim to identify
at which genes these groups differ in their mean expression. The motivation is that identifying such genes
may yield insights into the biological basis of differences between the groups.
Analyses of such experiments involve many issues, but two are particularly important and arise repeatedly.
The first is that effects are often sparse — for example, in a differential expression experiment, many genes
may show little difference in expression between two groups. The second is that genomic experiments are
often plagued by “unwanted variation” such as batch effects and unmeasured confounders [Leek and Storey,
2007, 2008, Gagnon-Bartsch and Speed, 2012]. It is crucial to address both these issues during statistical
analyses. The sparsity of effects requires careful handling of statistical significance thresholds to avoid large
numbers of false discoveries. And unwanted variation, if unaccounted for, can obscure or confound signals
of interest, and can create the appearance of signals where they do not exist.
Here we combine two ideas that have been used to address these issues. The first is the use of Empirical
Bayes (EB) methods to assess the sparsity of effects, and estimate false discovery rates (FDRs) and related
quantities [e.g Efron, 2004, 2008, Stephens, 2016]. The second is the use of factor analysis (FA) to deal with
sources of unwanted variation such as batch effects and unmeasured confounders [e.g. Lucas et al., 2006,
Leek and Storey, 2007, 2008, Gagnon-Bartsch and Speed, 2012, Sun et al., 2012, Gerard and Stephens, 2017,
Keywords and phrases: batch effects; empirical Bayes; RNA-seq; surrogate variable analysis; unobserved confounding; unwanted
variation.
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Wang et al., 2017]. By combining ideas from both these lines of research we provide powerful new analysis
methods that simultaneously account for both sparse effects and unwanted variation.
Our work is not the first to combine sparsity of effects with FA for unwanted variation. Indeed “Fully
Bayesian” approaches that do this were among the first work on dealing with unwanted variation [e.g. Lucas
et al., 2006, Carvalho et al., 2008]. However, these methods are complex, computationally challenging, and
have not been widely adopted, perhaps in part because of lack of easy-to-use software implementations. In
comparison our EB methods are relatively simple, and we provide implementations in an R package. Also, our
EB methods exploit recently-introduced semi-parametric prior distributions [Stephens, 2016] which assume
that the distribution of effects is unimodal at zero. These priors are both computationally convenient, and
more flexible than those used in previous Bayesian work.
More recently, Sun et al. [2012] and Wang et al. [2017] introduced (non-Bayesian) approaches that
combine sparsity of effects and FA for unwanted variation. Indeed Wang et al. [2017] give theory that
supports combining these two ideas: the estimation of the effects and the FA are intimately entwined, and
assuming sparsity of effects helps identify the unwanted variation. To implement this idea Wang et al. [2017]
— building directly on Sun et al. [2012] — jointly estimate the effects and the unwanted variation, using a
penalty to induce sparsity on the effects. Our work here takes a similar approach, but replaces the penalty
approach with EB methods to induce sparsity. The EB approach has several advantages over a penalized
approach: it provides not only sparse point estimates, but also shrunken interval estimates, and estimates
of FDRs and related quantities. And the semi-parametric prior distributions we use are considerably more
flexible than the penalty approach (which often has only a single parameter to control sparsity and shrinkage).
Our methods based on assuming sparse (or, more precisely, unimodal) effects provide an attractive
alternative to methods based on “control genes” [Gagnon-Bartsch and Speed, 2012], which are genes assumed
a priori to have no effect. Like the sparsity assumption, the control gene assumption helps identify the
unwanted variation [Gagnon-Bartsch and Speed, 2012, Wang et al., 2017]. However, while the sparsity
assumption is almost universally adopted in genomic analyses (implicitly or explicitly), the control gene
assumption brings a considerable additional burden: specifying a suitable set of controls is non-trivial and
potentially error-prone. Furthermore, even when the controls are perfectly chosen, our methods can produce
better results, particularly if the number of control genes is small (see Section 4). (It would be straightforward
to incorporate control genes — as well as sparsity — into our method, but we do not pursue this here.)
One key feature of our method (also shared by several methods mentioned above) is its “modularity”. In
particular we exploit a modular fitting procedure [e.g. Wang et al., 2017] that jointly estimates the effects
and FA, while also separating out the FA from the rest of the method. Consequently, no particular approach
to FA is “baked in” to our method; instead it can easily accommodate any approach to FA, including for
example Bayesian approaches to FA [e.g. Hoff, 2007, Stegle et al., 2008, Engelhardt and Stephens, 2010,
Stegle et al., 2010]. Similarly, the method can accommodate a range of possible pre-processing steps that are
often necessary in genomic data analysis. The modular approach also simplifies computation, and eases both
implementation and interpretation. Indeed our methods maintain much of the simple modular structure and
logic of the simplest existing approaches to this problem. The benefits of modularity, while widely recognized
in software design, are rarely explicitly acknowledged in statistical methods development, and we believe they
merit greater recognition.
On notation: we generally denote matrices by uppercase boldface (A), vectors by lowercase boldface (a),
scalars by lowercase non-boldface (a), and sets with calligraphic letters (A). There are exceptions when the
context is clear. For example β is sometimes a matrix and sometimes a vector. Elements of a vector or
matrix are denoted by their lowercase non-boldface versions. For example ai is the ith element of a and aij
is the (i, j)th element of A. We let An×p denote that the matrix A has dimension n× p, i.e. A ∈ Rn×p.
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2 Background
2.1 Typical analysis pipeline
Genomics researchers often aim to identify which genomic features are associated with one or more biological
factors of interest. For example, which genes have activity levels that differ, on average, between males and
females? To assess this they would measure gene expression at many genes on samples of each sex, and then
perform statistical analyses to identify which genes show significant differences in mean levels between the
two groups.
There are many ways to perform such statistical analyses [e.g. Soneson and Delorenzi, 2013], but in
outline a typical analysis might involve:
1. For each gene, j, estimate an effect size βˆj and corresponding standard error sˆj . (In our example βˆj
would represent the estimated difference in mean gene expression between the two sexes.) For example,
this might be achieved by applying a linear model to appropriately normalized and/or transformed ex-
pression data [e.g. Law et al., 2014], combined with methods to moderate (stabilize) variance estimates
[e.g. Smyth, 2004].
2. For each gene, j, use βˆj , sˆj to obtain a p-value, pj , testing the null hypothesis that gene j shows no
effect. Then apply FDR methods [Benjamini and Hochberg, 1995, Storey, 2003] to the set of all p
values to decide which genes are “significant”.
2.2 Adaptive shrinkage
Building on ideas of Efron [2004, 2008], Stephens [2016] suggests an alternative to Step 2 above, which
he calls “adaptive shrinkage” or ASH. Specifically, Stephens [2016] suggests combining the “observations”
(βˆ, sˆ) from Step 1 with a flexible but powerful assumption: that the true effects (β) come from a unimodal
distribution with mode at 0. This assumption captures the expectation that many effects will be at or
near 0, and is effectively an analogue of (or alternative to) the “sparsity assumption” often made in this
context. Stephens [2016] provides methods to estimate this unimodal distribution, and to compute posterior
distributions and measures of significance for each effect — the local FDR (lfdr; Efron [2008]), and local
false sign rate (lfsr; Stephens [2016]) — analogous to the standard pipeline above. Stephens [2016] highlights
several advantages of this approach: it better accounts for differences in measurement precision (sˆj) among
genes; it can provide better (less conservative) estimates of the FDR, provided the unimodal assumption
holds; and it provides calibrated interval estimates for each effect, which are otherwise difficult to obtain.
In more detail: ASH uses the normal means model [Stein, 1981] to relate the observations (βˆ, sˆ) to the
effects β:
βˆ |β, sˆ ∼ Np(β,S), (1)
where Np denotes the p-dimensional multivariate normal distribution and S := diag(sˆ
2
1, . . . , sˆ
2
p). Thus the
likelihood for β is
L(β; βˆ, sˆ) =
p∏
j=1
N(βˆj |βj , sˆ2j ), (2)
where N(·|a, b2) denotes the normal density function with mean a and variance b2. This likelihood is then
combined with the unimodal assumption:
β1, . . . , βp
iid∼ g ∈ U , (3)
where U denotes the space of unimodal distributions with mode at 0.
Stephens [2016] provides methods to fit the model (2)-(3) using a two-step EB approach:
3
1. Estimate g by maximizing the marginal likelihood:
gˆ = arg max
g∈U
p(βˆ|g, sˆ) = arg max
g∈U
p∏
j=1
∫
βj
N(βˆj |βj , sˆ2j )g(dβj). (4)
2. Compute posterior distributions p(βj |gˆ, βˆ, sˆ), and return posterior summaries, including the lfdr and
lfsr.
In practice, ASH approximates the optimization (4) by exploiting the fact that any unimodal distri-
bution can be approximated arbitrarily well using a finite mixture of uniform distributions. Using this
representation, (4) becomes a convex optimization problem over a finite (but large) set of mixture weights
pi = (pi1, . . . , piM ) (see equation (12) later). This can be solved efficiently using interior point methods [Boyd
and Vandenberghe, 2004, Koenker and Mizera, 2014].
2.3 Removing Unwanted Variation
Unwanted variation can plague genomics experiments that aim to identify systematic differences in gene
expression, or other genomics features, among groups of samples [Leek and Storey, 2008, 2007, Stegle et al.,
2010, Leek et al., 2010, Gagnon-Bartsch and Speed, 2012, Sun et al., 2012, Appendix A.1 of the Supplemen-
tary Materials]. Unwanted variation may include measured variables such as batch, or sample covariates
such as age or sex, but also — and most challengingly — unmeasured variables, such as aspects of sample
preparation and handling that may be difficult to measure and control. Unwanted variation, if unaccounted
for, can obscure or confound signals of interest, and can create the appearance of signals where they do not
exist.
As the severity of the problems caused by unwanted variation has been increasingly recognized, many
statistical methods have been developed to help ameliorate them [Lucas et al., 2006, Leek and Storey, 2007,
Sun et al., 2012, Gagnon-Bartsch et al., 2013, Gerard and Stephens, 2017, Wang et al., 2017]. Most of these
methods are based on a “factor-augmented regression model” [Leek and Storey, 2007, 2008]:
Y n×p = Xn×kβk×p +Zn×qαq×p +En×p, (5)
where yij is the normalized expression level of gene j in sample i; X is a matrix containing observed
covariates, with β a matrix of corresponding effects; Z is a matrix of unobserved factors causing unwanted
variation, with α a matrix of corresponding effects; and E has independent (Gaussian) errors with means
0 and column-specific variances var(eij) = σ
2
j . In (5) only Y and X are known; other quantities are to be
estimated.
Here we focus on the common setting where only one of the covariates in the columns of X is of interest,
and the other k − 1 covariates are included to improve the model (e.g. to control for measured confounders,
or as an intercept term). To further simplify notation we focus on the case k = 1, so X is an n-vector, and
β is a p-vector of the effects of interest. However, our methods and software implementation allow k > 1.
See Appendix A.2 of the Supplementary Materials for details. See also Appendix A.3 of the Supplementary
Materials where we further discuss how to apply these methods when a single linear combination of the
effects are of interest.
There are many approaches to fitting (5). Here we exploit a modular approach used by several previous
methods, including RUV4 [Gagnon-Bartsch et al., 2013], LEAPP [Sun et al., 2012], and CATE [Wang et al.,
2017]. In outline this involves:
1. For each gene j (j = 1, . . . , p) obtain an initial estimate βˆj for βj ignoring unwanted variation by using
ordinary least squares (OLS) regression of the jth column of Y on X.
2. Form the matrix of residuals from these regressions, Y˜ := Y − Xβˆ, and perform a FA on these
residuals. (Some methods, including CATE and the methods we present here, perform this step in
practice by applying FA to a slightly different matrix. However, the end result is similar or identical,
and we find it simpler and more intuitive to describe the methods in terms of the residual matrix. See
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Appendix A.2 of the Supplementary Materials for details.) Performing an FA on Y˜ means fitting a
model of the form:
Y˜ = Z˜α˜+ E˜. (6)
Most methods are flexible about exactly how FA is performed here, at least in principal if not in
software. The resulting estimate αˆ of α˜ in (6) can be viewed as an estimate of α in (5). This step also
yields estimates σˆ2j of the residual variances σ
2
j in (5).
3. Estimate β by jointly estimating (β, z) in the following “simplified model”:
βˆ ∼ Np(β + αˆᵀz,S), (7)
where z ∈ Rq, βˆ ∈ Rp are the OLS estimates from Step 1, and S = diag(sˆ21, . . . , sˆ2p) where sˆj is an
estimated standard error of βˆj ,
sˆ2j = σˆ
2
j /(X
TX). (8)
Model (7) has a simple interpretation: the OLS estimates βˆ are equal to the true coefficients (β) plus
a bias term due to unwanted variation (αˆᵀz) plus some noise (Np(0,S)). That is z can be interpreted
as capturing the effect of the unwanted variation on the OLS estimates.
This modular approach to fitting the model (5) is less ad hoc than it may first seem, and can be rigorously
justified (Wang et al. [2017]; see Appendix A.2 of the Supplementary Materials for a detailed review).
A key way in which methods differ is the assumptions they make when fitting model (7). This model
contains p + q parameters but only p observations, so additional assumptions are clearly necessary [Wang
et al., 2017].
One type of method assumes that some genes are “control genes” [Gagnon-Bartsch et al., 2013]. That
is, to assume that for some set C ⊆ {1, . . . , p}, the effects βj = 0 for all j ∈ C. For these control genes (7)
becomes:
βˆC ∼ Np(αˆᵀCz,SC), (9)
where βˆC denotes the elements of βˆ that correspond to indices in C. Fitting this model yields an estimate
for z, zˆ, say. Substituting this estimate into (7) then yields an estimate for β,
βˆ
′
= βˆ − αˆᵀzˆ. (10)
This approach is used by both RUV4 and the negative controls version of CATE (CATEnc), with the
difference being that RUV4 uses OLS when estimating z whereas CATEnc uses generalized least squares
(GLS).
An alternative approach, used by LEAPP [Sun et al., 2012] and the robust regression version of CATE
(CATErr) [Wang et al., 2017], is to assume the effects β are sparse. Both LEAPP and CATErr do this by
introducing a penalty on β when fitting (7). LEAPP returns the estimates of β from this step (so these
estimates are sparse and/or shrunk due to the sparsity-inducing penalty). CATErr, instead only keeps the
estimates of z and estimates β by (10). Our methods here essentially involve replacing the sparsity-inducing
penalty with the unimodal assumption from ASH.
3 MOUTHWASH
Here we combine the EB method from ASH with the modular fitting procedure for removing unwanted
variation outlined above. This yields an analysis pipeline that combines the benefits of ASH (see above)
while also removing unwanted variation. In brief, our new method involves replacing the likelihood (1) in
ASH with the likelihood (7), which accounts for unwanted variation. We then modify the EB approach of
ASH to optimize over both the unimodal prior distribution g and the unwanted variation z. We call this
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method MOUTHWASH (Maximizing Over Unobservables To Help With Adaptive SHrinkage).
In more detail, MOUTHWASH involves:
1. Estimate effects βˆj by OLS regression of the jth column of Y on X.
2. Obtain αˆ and σˆj by applying a FA to the residual matrix Y˜ . (These first two steps are the same as
RUV4, LEAPP and CATE, as outlined above.)
2b. Optionally, apply variance moderation [Smyth, 2004] to adjust the σˆj ’s [as in Gagnon-Bartsch
et al., 2013]. We do this using n− k − q as the degrees of freedom.
3. Estimate the unimodal effects distribution g and the unwanted variation effects z by maximum
(marginal) likelihood applied to (7):
(gˆ, zˆ) := arg max
(g,z) ∈ U×Rk
p(βˆ|g,z, αˆ, sˆ)
= arg max
(g,z) ∈ U×Rk
p∏
j=1
∫
βj
N(βˆj |βj + αˆᵀj z, sˆ2j )g(dβj),
(11)
where sˆj is defined in (8).
4. Compute posterior distributions p(βj |gˆ, zˆ, βˆ, sˆ), and return posterior summaries.
The key new step is Step 3. As in Stephens [2016] we approximate this optimization by optimizing g
over a set of finite mixture distributions indexed by mixing proportions pi:
g(βj |pi) = pi0δ0(βj) +
M∑
m=1
pimfm(βj), (12)
where the fk are pre-specified component pdf’s with one of the following forms:
i) fm(·) = N(·|0, τ2m),
ii) fm(·) = U [·| − am, am],
iii) fm(·) = U [·| − am, 0] or U [·|0, am],
where U [·|a, b] denotes the uniform density with lower limit b and upper limit a. These three different options
correspond respectively to (approximately) optimizing g over i) all (zero-centered) scale mixtures of normals;
ii) symmetric unimodal distributions with mode at 0; iii) all unimodal distributions with mode at 0.
With this mixture representation the integral in (11) can be computed analytically, and optimization
can be performed using either an EM algorithm (Appendix A.4.1 of the Supplementary Materials) or a
coordinate ascent algorithm (Appendix A.4.2 of the Supplementary Materials). Although this optimization
problem is — in contrast to ASH — no longer convex, we have found that with appropriate initialization
of pi (initializing pi0 close to 1) these algorithms produce consistently reliable results (Supplementary Figure
S2). Thus, for each simulated and real dataset we run MOUTHWASH once from this initialization.
Identifiability
In (5), as in any factor model, identifiability issues arise. Specifically, the following likelihoods are equivalent:
p(Y |β,ZA,A−1α,Σ) = p(Y |β,Z,α,Σ), (13)
for any non-singular A ∈ Rq×q. The result of this non-identifiability is that (in the absence of prior infor-
mation on α) the estimate of α from Step 2 above can be considered identified only up to its rowspace. It
therefore seems desirable that the estimates obtained in Steps 3 and 4 of MOUTHWASH should depend on
αˆ only through its rowspace. Gagnon-Bartsch et al. [2013] proved that their estimator satisfied this property.
We prove in Theorem 1 (Appendix A.5 of the Supplementary Materials) that our estimator also satisfies this
property.
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3.1 Errors in variance estimates
The performance of MOUTHWASH (and other related methods) depends on obtaining accurate variance
estimates σˆj in Step 2. In practice this can be a major problem. See for example Section 3.9.4 of Gagnon-
Bartsch et al. [2013], Section 6 of Gerard and Stephens [2017], and Perry and Pillai [2015] (who consider
a similar model to (5) with the assumption that the unobserved factors are orthogonal to the observed
covariates). Intuitively, the difficulty may arise either from mispecifying the number of latent factors and
thus attributing either too much or too little variation to the noise [Gagnon-Bartsch et al., 2013]; or it may
arise because αˆ is assumed known but is in fact estimated and so the variance in the assumed model (7) is
too small.
Both Gagnon-Bartsch et al. [2013] and Perry and Pillai [2015] address this issue by applying a multiplica-
tive factor to the variance estimates. (Gagnon-Bartsch et al. [2013] selects this factor using control genes,
whereas Perry and Pillai [2015] selects this factor via asymptotic arguments.) Here we deal with this issue
in a similar way by including a multiplicative parameter, ξ > 0 in (7).
Specifically, we modify (7) to:
βˆ ∼ Np(β + αˆᵀz, ξS), (14)
and estimate ξ along with g and z. Thus, Step 3 becomes:
(gˆ, zˆ, ξˆ) = arg max
(g,z,ξ) ∈ U×Rk×R+
p∏
j=1
∫
βj
N(βˆj |βj + αˆᵀj z, ξsˆ2j )g(βj) dβj , (15)
and the posterior distributions in Step 4 are computed conditional on ξˆ. We have found that this modification
can be vital for good performance of MOUTHWASH in practice.
3.2 Other Bells and Whistles
We have implemented several extensions to this approach in our software. These include i) allowing effects to
depend on their standard errors; ii) extending (7) to a t likelihood; iii) introducing a small regularization on
the mixing proportions in g to promote conservative behavior; and iv) reducing computational burden when
p is large by subsampling of genes. These are described in Appendix A.6 of the Supplementary Materials.
(In our practical illustrations here we use the regularization iii), but not the other features.)
Additionally, to better account for the uncertainty in estimating z, we implemented a related procedure
called BACKWASH (Bayesian Adjustment for Confounding Knitted With Adaptive SHrinkage) that places
a prior over z. See Appendix A.7 of the Supplementary Materials for details.
4 Empirical Evaluations
4.1 Simulations
To compare methods we generated simulated datasets from experimental data that contain real unwanted
variation. Specifically, following Gerard and Stephens [2017], we simulated data by first randomly partition-
ing real RNA-seq data into two groups to produce “null” data, and then modifying it to spike in known
amounts of signal. In brief, we modify the RNA-seq counts at a randomly selected subset of genes by
“thinning” the RNA-seq data, reducing the RNA-seq counts in one group or the other to make each gene
systematically less expressed in that group. See Appendix A.9 of the Supplementary Materials for details.
Because these simulations start by randomly assigning group labels to samples, they mimic a randomized
experiment where unwanted variation is independent of treatment. In this sense they represent a “best-case”
scenario, but with realistic, challenging, levels of unwanted variation. Although any simulation is inevitably a
simplification, we believe that these simulations provide a substantially better guide to method performance
in practice than simulating under an assumed (and undoubtedly imperfect) model.
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We used these simulations to compare MOUTHWASH and BACKWASH with nine other estimation
procedures that we follow with either qvalue [Storey, 2003] or ASH to estimate FDRs. (Although, based
on Stephens [2016], we would advocate using the lfsr rather than FDR or lfdr, here we use FDR to allow
comparison with methods that do not compute the lfsr.) These nine estimation methods are:
1. OLS: Ordinary Least Squares. This represents a naive method that does not account for unwanted
variation.
2. SVA: The iteratively re-weighted least-squares version of Surrogate Variable Analysis [Leek and Storey,
2008], followed by the widely-used “voom-limma” pipeline [Law et al., 2014] to obtain effect estimates
and standard errors controlling for the estimated surrogate variables.
3. CATErr: The robust regression version of CATE [Wang et al., 2017] (a variation on LEAPP [Sun et al.,
2012]).
4. CATErr+MAD: CATErr, followed by median centering and median absolute deviation (MAD) scaling
of the t-statistics [Sun et al., 2012, Wang et al., 2017]. At time of writing this was the default option
in the cate package. (When applying ASH, we used the MAD as a multiplicative factor to adjust the
variances [Gerard and Stephens, 2017], rather than scaling the t statistics.)
5. RUV2 [Gagnon-Bartsch and Speed, 2012].
6. RUV3 [Gerard and Stephens, 2017], with EB variance moderation [Smyth, 2004].
7. CATEnc: the negative controls version of CATE [Wang et al., 2017] (a variant on RUV4 [Gagnon-
Bartsch et al., 2013]), which uses control genes to help estimation of confounders.
8. CATEnc+MAD: CATEnc followed by the same standardization used in CATErr+MAD.
9. CATEnc+Cal: CATEnc where a multiplicative factor, calculated using control genes [Gagnon-Bartsch
et al., 2013], was used to adjust the variances .
The last five of these methods (RUV2, RUV3, CATEnc, CATEnc+MAD, CATEnc+Cal) require control
genes, and we provided them a random subset of the actual null genes as controls, again representing a
“best case” scenario for these methods. We did not adjust for library size in any method as library size can
be considered another source of unwanted variation [Gerard and Stephens, 2017], which these methods are
designed to account for.
We performed simulations with p = 1000 genes, varying the following parameters:
• The proportion of genes that are null pi0 ∈ {0.5, 0.9, 1},
• The number of samples n ∈ {6, 10, 20, 40},
• The number of control genes provided to methods that use control genes m ∈ {10, 100}.
We simulated 500 datasets for each combination of pi0, n, and m, and ran all methods on each dataset. We
evaluated performances based on two criteria: first, the area under their receiver operating characteristic
curve (AUC), a measure of their ability to distinguish null versus non-null genes; and second, accuracy of
estimated proportion of null genes (pi0), which is an important step in providing calibrated FDR estimates.
Figure 1 compares the AUCs of each method. MOUTHWASH and BACKWASH have almost identical
performance, and the best AUCs in almost every scenario (SVA methods have better AUC in small sample
sizes with pi0 = 0.5). This dominance is particular pronounced when the number of control genes is small
(m = 10), where methods that use control genes falter. With m = 100 high-quality control genes, methods
that use control genes become competitive with MOUTHWASH and BACKWASH.
Figure 2 compares the estimates of pi0 for each method when the true pi0 = 0.9 (results for pi0 = 0.5
and 1 are in Supplementary Figures S2 and S3). Many methods have median estimates of pi0 very close
to the true value of 0.9. However, the variances of these estimates are often high. In comparison, the
estimates of pi0 from MOUTHWASH and BACKWASH are much less variable, and hence more accurate on
average (particularly at higher sample sizes). CATErr+MAD+ASH and CATEnc+MAD+ASH work very
well for larger sample sizes when pi0 is close to 1, but are anti-conservative for small sample sizes and highly
conservative when pi0 = 0.5 (Supplementary Figure S2). Results from MOUTHWASH and BACKWASH are
almost identical, suggesting that the additional complexity of BACKWASH is unnecessary in practice.
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Figure 1: Comparison of mean AUCs among methods. Column facets vary m, the numbers of control genes
made available to methods that use control genes. Row facets vary pi0, the proportions of null genes. Different
symbols represent different sample sizes n. Horizontal lines indicate the highest mean AUC achieved by any
method at a given combination of sample size, number of control genes, and proportion of null genes. The
methods are ordered by their performance in the simulations with n = 40,m = 10, pi0 = 0.9.
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Figure 2: Boxplots of estimates of pi0 for each method (true pi0 = 0.9). Column facets vary m, the numbers
of control genes made available to methods that use control genes. Row facets vary n, the sample size. The
methods are ordered by the mean squared error of their estimates in the simulations with n = 40,m =
10, pi0 = 0.9. The dashed horizontal line shows y = 0.9.
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4.2 Computation Time
Although our MOUTHWASH method is significantly slower than other existing methods (see Table S1 in
the Supplementary Materials), it is nonetheless practical for realistic-sized data. For example, in tests with
n = 100 and p = 10,000 MOUTHWASH had a median runtime of 140 seconds (on a 4.0 GHz quad-core
PC running Linux with 32 GB of memory), and runtime is similar for other values of n. Further speedups
could be achieved if needed; see Appendix A.6 of the Supplementary Materials for discussion. BACKWASH
requires a significantly longer runtime than MOUTHWASH, and given their similar performance we prefer
MOUTHWASH in practice.
4.3 GTEx Data
To evaluate methods on real data, Gagnon-Bartsch and Speed [2012] used the idea of positive controls.
A positive control is a gene that is a priori thought likely to be associated with the covariate of interest.
Gagnon-Bartsch and Speed [2012] used the example of sex and sex chromosomes: when the covariate of
interest is the sex of an individual, then the genes on sex chromosomes are positive controls. The best
confounder adjustment methods, then, are those that tend to have more positive controls among their most
significant genes. This idea is also used in Gagnon-Bartsch et al. [2013] and Wang et al. [2017].
We applied this positive control method using RNA-seq datasets from 23 non-sex-specific tissues collected
by the GTEx project [GTEx Consortium, 2015]. In each dataset we filtered out low-expressed genes (mean
expression level < 10 reads), applied a log2 transformation to the gene expression count matrix (after adding
a pseudo-count), and averaged results over technical replicates. We used a design matrix X ∈ Rn×2 with
two columns: a column of 1’s (intercept), and a column of indicators for sex. We applied the same methods
as in Section 4.1 to all 23 datasets. For methods that require negative controls we followed Gagnon-Bartsch
and Speed [2012] in using housekeeping genes as negative controls (although opinions seem divided on the
general appropriateness of this strategy; see Zhang et al. [2015] for a detailed discussion). Specifically, we
used the list of housekeeping genes from Eisenberg and Levanon [2013], but excluding sex-chromosome genes.
(A newer list of housekeeping genes was released by Lin et al. [2017] based on single cell sequencing results.
We repeat our following analyses in Appendix A.10 of the Supplementary Materials using this newer list.
The results of Appendix A.10 are similar to those obtained here.)
To compare methods we took the most significant 100 genes for each method on each tissue and counted
how many of these genes are on a sex chromosome (s). We divided s for each method by the maximum s
among all methods within a tissue. Figure 3 shows the results, with white indicating better performance
(larger s). Methods are ordered from left to right by their median performance. Overall most methods
performed comparably, CATEnc variants and SVA the notable exceptions, with SVA performing particularly
poorly on a subset of the tissues. MOUTHWASH was among the best-performing methods of the ASH-
variants, along with CATErr+ASH and CATErr+MAD+ASH.
Though many methods performed similarly in ranking the most significant genes, it would be wrong
to think that they all produced the same results. In particular, the methods differ considerably in their
assessments of significance and estimates of the proportion of null genes (pi0). For example Table 1 shows
median estimates of pi0 for each method across tissues. The estimates range from 0.28 to almost 1. Generally
ASH-based methods produce smaller estimates of pi0 than qvalue-based methods, with the exceptions of
MOUTHWASH, BACKWASH, and those methods whose variances were calibrated either using MAD or
control genes. Though we do not know the true value of pi0 here, and it is possible that there are many non-
sex chromosome genes with expression differences between the sexes, it is interesting that MOUTHWASH
and BACKWASH, the best-performing methods in the simulations, estimate that most genes are null.
Another, perhaps still more striking, feature of the MOUTHWASH and BACKWASH results is shown
in Figure 4 which shows the median lfdr for each ASH-based method as one moves down their list of the top
500 most significant genes. For both MOUTHWASH and BACKWASH the estimated lfdrs sharply increase
from 0 at around 50-100 genes. Furthermore, this sharp increase occurs just where the ranking starts to
move away from genes on sex chromosomes (the shade moving from black, red in the online version, to light
grey). Again, we do not know the truth here, but the behavior of MOUTHWASH/BACKWASH is consistent
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Figure 3: Comparison of methods based on positive controls. For each method we computed the proportion
s of their most significant genes (testing for association with sex) that were on a sex chromosome. We then
divided the s for each method by the maximum s among all methods. The tissues are ordered by sample
size, and the methods are ordered by maximum median proportion. White indicates better performance
than dark.
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Table 1: Median estimate of pi0 for each method across tissues when testing for differences between sexes.
Method pˆi0
SVA+ASH 0.28
CATErr+ASH 0.33
RUV3+ASH 0.38
OLS+ASH 0.40
RUV2+ASH 0.43
CATEnc+ASH 0.55
SVA+qvalue 0.70
RUV3+qvalue 0.75
CATErr+qvalue 0.76
CATEnc+qvalue 0.78
RUV2+qvalue 0.79
OLS+qvalue 0.80
CATEnc+Cal+ASH 0.89
CATEnc+Cal+qvalue 0.90
CATErr+MAD+ASH 0.91
MOUTHWASH 0.99
CATEnc+MAD+ASH 0.99
BACKWASH 0.99
CATEnc+MAD+qvalue 1.00
CATErr+MAD+qvalue 1.00
with most of the true differences being at genes on sex chromosomes, and is strikingly different from most
other methods. The MAD-calibrated methods also exhibit this behavior. However, in simulations with large
sample sizes the MAD methods always estimated few genes to be significant, even when half of the genes
were differentially expressed (Supplementary Figure S2), making it difficult to rely on their results. The
increase in lfdr of CATEnc+Cal+ASH is not nearly as fast as that of MOUTHWASH and BACKWASH and
much less consistent across tissues (Supplementary Figure S4).
5 Discussion
We have presented a simple modular approach to combining two key ideas for the analysis of genomic
experiments: EB shrinkage to induce sparsity on effects, and FA to capture unwanted variation. Our results
demonstrate that these new methods have competitive performance compared with a range of existing
methods. They also highlight that even when methods agree closely in their rankings of genes (by strength
of evidence against the null), they can vary widely in their assessments of significance (e.g. estimated FDRs).
Indeed, even within a single “method”, significance assessments can be sensitive to details of how it is applied.
For example, in our experience the way that variance estimates are dealt with can have a very dramatic
effect on estimated FDRs and related quantities. In MOUTHWASH, the introduction of the variance inflation
parameter ξ has a substantial impact, and reduces the potential for anti-conservative (under-)estimates of
FDR.
Although we have used the term “genomic experiments”, our methods are really aimed at a particular
type of genomic experiment: where there is a single covariate which may be associated with many measured
variables (e.g. a differential expression experiment, where treatment may affect the expression of many
genes). One different type of genomic experiment that we do not address here is experiments to identify
“expression Quantitative Trait Loci” (eQTLs), which are genetic variants associated with gene expression.
The issues of sparse effects, and unwanted variation, certainly arise when attempting to identify eQTLs.
And some methods to deal with these issues have been developed with a particular focus on eQTL studies
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Figure 4: Figure showing how median lfdr changes through the list of 500 most significant genes. For each
method we sorted the lfdr’s across genes in each tissue, and took the median lfdr across tissues at each rank.
(Results for each tissue are in Supplementary Figure S4). The color of each point indicates the proportion
of tissues that have a sex chromosome gene at that rank (red indicating higher proportion).
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[e.g. Stegle et al., 2008, 2010, 2012, Fusi et al., 2012]. However, eQTL studies also differ in a crucial
way from the studies considered here. Specifically, typical (population-based) eQTL studies involve many
covariates (different genetic variants), each of which is typically associated with just one or a few genes
(the strongest eQTLs are locally acting), rather than a single covariate associated with many genes. This
difference is fundamental: when dealing with a single covariate that may affect many genes, it is both
particularly important and particularly delicate to remove unwanted variation without also removing the
effect of interest, whereas this issue is less pressing in eQTL studies. (Population substructure in the genotype
data is a separate issue, which we do not discuss here.) Indeed, in eQTL studies, i) unwanted variation in
expression data is rarely associated with the covariates of interest, and so usually decreases power rather
than creating false positives; ii) when removing unwanted variation one need not be too concerned about
accidentally removing signal of interest, and even very simple approaches such as using PCA on the expression
matrix typically improve power [Pickrell et al., 2010]. Neither of these hold in the settings we focused on
here.
One key feature of our approach is that, like many of the most popular current approaches, it is designed
to be modular. In particular, although our results here are all based on using a simple FA (truncated PCA),
our methods could easily accommodate other approaches to FA. For example, it could accommodate Bayesian
methods such as SFA [Engelhardt and Stephens, 2010], or the FA implemented in the software PEER, which
use a normal prior distribution on both the factors and loadings [Stegle et al., 2010]. In principle there could
be objections to simply plugging these FAs into our approach: for example, the argument that the factor
estimates are only identified up to their row-space does not always hold for Bayesian FA, so the property
of MOUTHWASH that it depends on factor estimates only through their row-space might be considered
suspect. Put another way, one could argue that when using prior distributions on the factors the modular
approach to fitting (5) is suboptimal, and could be improved by a purpose-built joint fitting routine. However,
the benefits of modular approaches are so great that it nonetheless seems worthwhile to explore these ideas.
Software
All methods introduced in this paper are implemented in the R package vicar available at https://github.
com/dcgerard/vicar. Code to reproduce all results in this paper is available at https://github.com/
dcgerard/mouthwash_sims (DOI: 10.5281/zenodo.1248856).
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A Supplementary Materials
A.1 Simple illustration
We present a simple example that illustrates the need to address unwanted variation. We took the top 10,000
expressed genes of an RNA-seq data on human muscle samples [GTEx Consortium, 2015] and randomly
sampled six individuals, which we randomly split into two groups. All genes are thus theoretically “null”
(unassociated with group assignment). However, when we apply the ASH method from Stephens [2016]
to the OLS estimates of βˆ, sˆ from these null data, it infers that almost all genes are non-null (estimated
proportion of null genes, pi0, 0.0077), and indicates almost every gene is significant with lfdr close to 0
(Supplementary Figure S1, left panel). This behavior is not atypical (Supplementary Figure S3, top panels).
Applying ASH with effects estimated using a more sophisticated RNA-seq data analysis pipeline instead of
OLS [Law et al., 2014] slightly improved matters (Supplementary Figure S1, second panel from the left).
In contrast applying MOUTHWASH and BACKWASH produced essentially no significant genes, with lfdrs
clustering closer to 1 (Supplementary Figure S1, right panels).
A.2 Details of modular approach to fitting Factor-augmented Regression Model
Many methods (e.g. RUV4, LEAPP, and CATE) use a two-step approach to fitting the factor-augmented
regression model (5). Wang et al. [2017] provide an elegant framing of this two-step approach as a rotation
followed by estimation in two independent models. Since this plays a key role in our methods we review it
here.
For convenience we repeat the factor-augmented regression model here:
Y n×p = Xn×kβk×p +Zn×qαq×p +En×p, (16)
where we assume the number of samples n is larger than the number of covariates k. As mentioned in the
main text, we assume that only one covariate is of interest. Without loss of generality, we will assume that
the “uninteresting” covariates are located in the first k − 1 columns of X and the “interesting” covariate is
in the last column of X. Thus we can partition β =
(β1
βᵀ2
)
so that β1 ∈ R(k−1)×p contains the coefficients for
the first k − 1 covariates and β2 ∈ Rp contains the coefficients for the covariate of interest.
Let X = QR be the QR decomposition of X, where Q ∈ Rn×n is an orthogonal matrix (QᵀQ = QQᵀ =
In) and Rn×k =
(
R1
0
)
, where R1 ∈ Rk×k is an upper-triangular matrix. Pre-multiplying (16) by Qᵀ on both
sides yields:
QᵀY = Rβ +QᵀZα+QᵀE, (17)
which we write
Y˜ = Rβ + Z˜α+ E˜ (18)
where Y˜ := QᵀY , Z˜ := QᵀZ,E˜ := QᵀE.
By exploiting the fact that R1 is upper triangular, (18) can be rewritten as:
Y˜ 1 = R11β1 + r12β
ᵀ
2 + Z˜1α+ E˜1 (19)
y˜ᵀ2 = r22β
ᵀ
2 + z˜
ᵀ
2α+ e˜
ᵀ
2 (20)
Y˜ 3 = Z˜3α+ E˜3. (21)
Here
R1 =
(
R11 r12
0 r22
)
, (22)
and we have conformably partitioned each of Y˜ , Z˜, E˜ into i) their first k − 1 rows; ii) their kth row; iii) the
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remaining n− k rows, with for example
Y˜ =
 Y˜ 1y˜ᵀ2
Y˜ 3
 . (23)
We have used lower-case y˜2, z˜2, e˜2 to indicate that these quantities are vectors.
The error terms in (19), (20), and (21) are independent, because E˜ is equal in distribution to E, which
is matrix normal [Srivastava and Khatri, 1979, Dawid, 1981] with independent rows.
This rewriting suggests the following two-step estimation procedure, which in essence is the approach
used by RUV4, LEAPP, and CATE:
1. Estimate α and the σj ’s using (21), specifically by applying some kind of FA to Y˜ 3. Call these
estimates αˆ and σˆj .
2. Estimate β2 and z˜2 given α and the σj ’s using (20), which can be written:
y˜2 ∼ Np(r22β2 + αˆᵀz˜2, Σˆ). (24)
As equation (19) contains the nuisance parameters β1, it is ignored.
In the main text we simplified the description by describing Step 1 as applying FA to the matrix of
residuals obtained from regressing the columns of Y on X (6). As noted by Wang et al. [2017], for many
choices of FA, applying FA to Y˜ 3 is equivalent to applying FA to the residuals because Y˜ 3 and the matrix
of residuals have the same sample covariance matrix. (However, the mathematical derivation is clearer using
Y˜ 3, and our software implementation actually uses Y˜ 3.)
Both MOUTHWASH and BACKWASH use this approach. Indeed, model (7) is the same as (24) with a
simple change of notation:
βˆ := y2/r22, αˆ := αˆ/r22, S := Σˆ/r
2
22, and (25)
z := z˜2 and β := β2. (26)
It is easy to show that βˆ = y2/r22 are equal to the OLS estimates of β2 obtained by regressing each column
of Y on X.
A.3 Estimating linear combinations of the rows of β
Suppose a researcher is interested not in a single row of β, but rather a single linear combination of β, cᵀβ,
for some c ∈ Rk. For example, if one were interested in a simple comparison of the effect of the first and
second covariates, β1j − β2j (for all j = 1, . . . , p), then cᵀ = (1,−1, 0, 0, . . . , 0). As long as only one linear
combination of the rows of β is of interest, MOUTHWASH and BACKWASH may be applied.
To do so, let the columns of L ∈ Rk×(k−1) be any orthonormal basis of the orthogonal complement of
the space spanned by c (e.g. take the columns of L to be the first k − 1 eigenvectors of Ik−1 − ccᵀ/‖c‖2).
Then, assuming model (16), we have
Y = X(c/‖c‖2,L)(cᵀLᵀ)β +Zα+E, (27)
since (
cᵀ
Lᵀ
)−1
= (c/‖c‖2,L). (28)
Now let X˜ := (Xc/‖c‖2,XL) and β˜ := (βᵀc,βᵀL)ᵀ. Then equation (27) is equal to
Y = X˜β˜ +Zα+E, (29)
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where the first row of β˜ is equal to cᵀβ. We may now apply the modular approach used to fit MOUTHWASH
and BACKWASH (as in Section A.2) using X˜ instead of X. Here, the first column of X˜ is the covariate of
interest and its corresponding coefficients (the first row of β˜) represent the linear combination of the rows
of β that are of interest.
A.4 MOUTHWASH optimization details
A.4.1 EM algorithm for normal likelihood and normal mixtures
Here we describe the EM algorithm used for solving the optimization step (11) in MOUTHWASH when the
mixture components in (12) are normal. (For the generalization to a tν likelihood and the case where the
mixture components are uniform see the coordinate ascent updates in the next subsection).
The model is:
p(βˆ|z,β, ξ) =
p∏
j=1
N(βˆj |βj + αˆᵀj z, ξs2jj) (30)
p(β) =
p∏
j=1
g(βj |pi) (31)
g(βj |pi) = pi0δ0(βj) +
M∑
m=1
pimN(βj |0, τ2m). (32)
By integrating over β, we have
p(βˆ|z,pi, ξ) =
p∏
j=1
p(βˆj |z,pi, ξ) (33)
p(βˆj |z,pi, ξ) = pi0N(βˆj |αˆᵀj z, ξs2jj) +
M∑
m=1
pimN(βˆj |αˆᵀj z, ξs2jj + τ2m). (34)
Our goal is to maximize the likelihood (33) over pi, z, and ξ. In fact we consider the slightly more general
problem of optimizing the penalized likelihood
p(βˆ|z,pi, ξ)h(pi|λ), (35)
where h(pi|λ) is defined in (64).
To develop the EM algorithm, we use the usual approach for mixtures, introducing indicator variables
that indicate which component of the mixture (32) gave rise to each βj . Let wj = (w0j , . . . , wMj)
ᵀ denote a
one-of-(M + 1) indicator vector representing the mixture component that gave rise to βj , so
∑M
m=0 wmj = 1
and p(wmj = 1) = pim. Then the complete data likelihood is:
p(βˆ,W |z,pi, ξ)h(pi|λ)
=
 M∏
m=0
piλm−1m
 p∏
j=1
exp

M∑
m=0
wmj log(pim)−
 M∑
m=0
wmj
2(ξs2jj + τ
2
m)
 (βˆj − αˆᵀj z)2
−1
2
M∑
m=0
wmj log(ξs
2
jj + τ
2
m)−
1
2
log(2pi)
 .
(36)
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And the complete data log-likelihood is:
lcomplete(z,pi, ξ; βˆ,W ) :=
p∑
j=1

M∑
m=0
wmj log(pim)−
 M∑
m=0
wmj
2(ξs2jj + τ
2
m)
 (βˆj − αˆᵀj z)2−
1
2
M∑
m=0
wmj log(ξs
2
jj + τ
2
m)−
1
2
log(2pi)
+
M∑
m=0
(λm − 1) log(pim).
(37)
Let pi(old), z(old), and ξ(old) be the current values of the parameters. Then
p(wmj = 1|βˆj , z(old),pi(old), ξ(old)) =
pi
(old)
m N(βˆj |αˆᵀj z(old), ξ(old)s2jj + τ2m)∑M
i=0 pi
(old)
i N(βˆj |αˆᵀj z(old), ξ(old)s2jj + τ2i )
=: qmj . (38)
The E-step of the EM algorithm involves forming the expected complete data log-likelihood, which simply
involves replacing wkj with qkj in (37):
p∑
j=1

M∑
m=0
qmj log(pim)−
 M∑
m=0
qmj
2(ξs2jj + τ
2
m)
 (βˆj − αˆᵀj z)2−
1
2
M∑
m=0
qmj log(ξs
2
jj + τ
2
m)−
1
2
log(2pi)
+
M∑
m=0
(λm − 1) log(pim).
(39)
The M-step then involves optimizing this over z, pi, and ξ.
The update for pi follows by recognizing the kernel of a multinomial likelihood
pim ←
∑p
j=1 qmj + λm − 1∑M
`=0
(∑p
j=1 q`j + λ` − 1
) (40)
=
∑p
j=1 qmj + λm − 1∑M
`=0
∑p
j=1 q`j +
∑M
`=0 λ` −M
(41)
=
∑p
j=1 qmj + λm − 1
p−M +∑M`=0 λ` . (42)
In the case when there is no penalty, λ1 = · · · = λM = 1, we have
pim ← 1
p
p∑
j=1
qmj . (43)
We then perform a few iterative updates on ξ and z. To update z given ξ, we note that optimizing (39)
over z is the same as weighted linear regression with diagonal weight (precision) matrix Θξ ∈ Rp×p with
diagonal elements θξ,jj =
∑M
m=0
qmj
ξs2jj+τ
2
m
. We get
z ← (αˆΘξαˆᵀ)−1αˆΘξβˆ. (44)
To update ξ given z we can use some standard univariate optimizer, such as Brent’s method [Brent, 1971].
One step of this EM algorithm is presented in Algorithm 1. Iteratively performing the steps in Algorithm
1 is guaranteed to increase the likelihood toward a local maximum.
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Algorithm 1 EM Algorithm for Normal Mixtures Prior and Normal Likelihood
1: Given the current values of the parameters in our model, pi(old), z(old), and ξ(old), let qmj be defined as
in (38).
2: Set pim =
∑p
j=1 qmj+λm−1
p−M+∑M`=0 λ` ,
3: repeat
4: Let Θξ be a diagonal matrix with diagonal elements θξ,jj =
∑M
m=0
qmj
ξs2jj+τ
2
m
.
5: Set z = (αˆΘξαˆ
ᵀ)−1αˆΘξβˆ.
6: Update ξ given z and pi by maximizing (39) using Brent’s method.
7: until convergence
A.4.2 Coordinate Ascent for tν-Uniform Problem
Here we describe the optimization steps used for the generalization of MOUTHWASH to a tν likelihood (62)
in the case where the mixture components are uniform. (This also applies to the normal likelihood with
uniform components by setting ν =∞).
The model is:
p(βˆ|z,β, ξ) =
p∏
j=1
tν(βˆj |βj + αˆᵀj z, ξs2jj) (45)
p(β) =
p∏
j=1
g(βj |pi) (46)
g(βj |pi) = pi0δ0(βj) +
M∑
m=1
pimU(βj |am, bm). (47)
By integrating over β, we have
p(βˆ|z,pi, ξ) =
p∏
j=1
p(βˆj |z,pi, ξ) (48)
p(βˆj |z,pi, ξ) = pi0tν(βˆj |αˆᵀj z, ξs2jj) +
M∑
m=1
pimf˜m(βˆj |z, ξ), (49)
where
f˜m(βˆj |z, ξ) =
Tν((βˆj − αˆᵀj z − am)/(ξ1/2sjj))− Tν((βˆj − αˆᵀj z − bm)/(ξ1/2sjj))
bm − am (50)
where Tν is the cdf of a standard tν distribution. For ease of notation, we will also let f˜0(βˆj |z, ξ) :=
tν(βˆj |αˆᵀj z, ξs2jj).
To maximize the marginal likelihood (48), or rather the log-likelihood,
p∑
j=1
log p(βˆj |z,pi, ξ), (51)
we implemented a coordinate ascent algorithm to iteratively update z, pi, and ξ. To update pi conditional
on z and ξ, we apply the same convex optimization procedure described in Stephens [2016] using the ashr
package [Stephens et al., 2016]. To update ξ given pi and z, we use a standard univariate optimizer, Brent’s
method [Brent, 1971].
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To update z given pi and ξ, we calculated the gradient of (51) with respect to z:
p∑
j=1
αˆj
∑M
m=0 pimf¯m(βˆj |z)
p(βˆj |z,pi, ξ)
, (52)
where
f¯0(βˆj |z) =
(ν + 1)(βˆj − αˆᵀj z)
νξs2jj + (βˆj − αˆᵀj z)2
tν(βˆj |αˆᵀj z, ξs2jj), and (53)
f¯m(βˆj |z) =
(
1
bm − am
)(
tν(βˆj |αˆᵀj z − bm, ξs2jj)− tν(βˆj |αˆᵀj z − am, ξs2jj)
)
. (54)
We then use a quasi-Newton approach to maximize (51) over z using (52) (specifically we used the BFGS
method).
A.5 Identifiability
Theorem 1. For all non-singular A ∈ Rq×q, we have that
gˆ = arg max
g∈U
max
z∈Rq
p(βˆ|g,z, αˆ,S) = arg max
g∈U
max
z∈Rq
p(βˆ|g,z,Aαˆ,S).
Proof.
arg max
g∈U
max
z∈Rq
p(βˆ|g,z,Aαˆ,S) = arg max
g∈U
max
z∈Rq
p(βˆ|g,Aᵀz, αˆ,S) (55)
= arg max
g∈U
max
Aᵀz∈Rq
p(βˆ|g,Aᵀz, αˆ,S) (56)
= arg max
g∈U
max
z∈Rq
p(βˆ|g,z, αˆ,S), (57)
where (55) follows because (Aαˆ)ᵀz = αˆᵀ(Aᵀz), (56) follows because optimizing over z is the same as
optimizing over Aᵀz for any non-singular A, and (57) follows from relabeling Aᵀz to be z.
A.6 Mouthwash, additional Bells and Whistles
Here we describe additional features we have implemented in MOUTHWASH (see also Section 3).
A.6.1 Effects that depend on standard errors
Stephens [2016] modified (3) to allow the βj ’s to depend on the standard errors of the βˆj ’s. This may make
sense, for example, in gene expression studies if genes with higher variability tend to have larger effects.
Specifically, Stephens [2016] set
βj
sγj
|sj iid∼ g, (58)
where γ ≥ 0 is specified. Estimating g under (58) is straightforward except when both γ = 1 and we include
the variance inflation parameter ξ from (15). Under these conditions g and ξ become non-identifiable.
To see this, consider the simple case with no unwanted variation (z = 0), and write the normal term
from (15) as
βˆj/sj
d
= βj/sj + ej , where ej
iid∼ N(0, ξ). (59)
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So effectively βj/sj + ej are now iid observations from a convolution of a distribution g that is unimodal
at 0 with a N(0, ξ) distribution. This convolution is itself unimodal, and — whatever the true value of ξ
— could be fit perfectly using ξ = 0 and g equal to the true g convolved with the true N(0, ξ). Thus it is
impossible to guarantee accurate estimation of ξ without making additional assumptions.
Although it is impossible to guarantee accurate estimation of ξ, it is possible to guarantee conservative
(over-)estimates of ξ. This is formalized in the following lemma:
Lemma 1. For any distribution function, say F , unimodal about 0, there exists a maximal ξ such that F can
be deconvolved into a N(0, ξ) distribution function and another distribution function G that is also unimodal
about 0. That is, making ξ any larger would result in a non-unimodal G.
See Appendix A.13 for proof.
Over-estimating ξ is conservative in that it will over-shrink estimates of β and over-estimate FDR.
Motivated by Lemma 1 we can achieve this conservative behavior by introducing a small penalty term to
encourage ξ to be as big as possible. Specifically we maximize the penalized likelihood:
p(βˆ|β, z,S, ξ)f(ξ|λξ). (60)
where
f(ξ|λξ) = exp{−λξ/ξ}, (61)
and λξ > 0 is a penalty parameter that can be (in principle) arbitrarily small. Because f(ξ|λξ) is increasing,
the introduction of this term promotes ξ to be as large as possible with g unimodal.
A.6.2 Generalizing normal likelihood to t likelihood
For small sample sizes the normality assumption in (7) might be better replaced with a t distribution:
p(βˆ|β, z,S) =
p∏
j=1
tν(βˆj |βj + αˆᵀj z, s2jj), (62)
where tν(·|a, b2) denotes the density of a (generalized) t-distribution with degrees of freedom ν, location
parameter a, and scale parameter b > 0. That is,
tν(βˆ|a, b2) =
Γ
(
ν+1
2
)
Γ
(
ν
2
)√
piνb2
(
1 +
(βˆ − a)2
νb2
)− ν+12
, (63)
where Γ(·) is the gamma function. A similar generalization was implemented in [Stephens, 2016]. This
replacement of a normal likelihood with a t does not greatly complicate computations when the mixture
components in (12) are uniform, and we have implemented this case (Appendix A.4.2). The normal case is
more complex and not implemented.
A.6.3 Penalty on pi0 to promote conservative behavior
Stephens [2016] included the option of incorporating a penalty on the mixing proportions to promote con-
servative (over-) estimation of pi0. We also include this option here. Specifically we allow a penalty of the
form
h(pi|λ) =
M∏
m=0
piλm−1m , (64)
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and maximize the penalized likelihood
p(βˆ|β, z,S)h(pi|λ), (65)
where p(βˆ|β, z,S) is defined in either (7) or (62). We use the same default value for λ as Stephens [2016]: λ0 =
10 and λi = 1 for i = 1, . . . ,m. This encourages conservative (over-) estimation of pi0, which is often
considered desirable in FDR contexts.
A.6.4 Reducing computation for large p
MOUTHWASH is computationally practical for typical gene-expression studies, where p ≈ 20,000 genes.
However, in contexts where p exceeds 100,000 [e.g. ChIP-seq, Ward et al., 2018] the run time can become
inconvenient. To reduce run-time in such cases we suggest estimating z from (7) using a random subset of
variables. As z typically contains at most a few dozen parameters, a modest-sized subset should provide
reasonable estimates.
Specifically, we implemented the following speed-up strategy for p very large. First estimate g,z using a
random subset of variables. Second, fixing the estimate of z from the first step, re-estimate g by maximum
likelihood over all p variables (which is a convex optimization problem that can be solved efficiently even for
very large p).
A.7 BACKWASH
MOUTHWASH maximizes over z in (11). We now describe an alternative that aims to better allow for
uncertainty in z by placing a prior p(z) on z and integrating out z when optimizing over g. Because of the
introduction of a prior distribution on z we call this approach BACKWASH for Bayesian Adjustment for
Confounding Knitted With Adaptive SHrinkage. Specifically, BACKWASH replaces Step 3 of MOUTH-
WASH with:
3. Estimate g by:
gˆ := arg max
g∈U
p(βˆ|g, αˆ,S) (66)
= arg max
g∈U
p∏
j=1
∫
βj
∫
z
N(βˆj |βj + αˆᵀz, s2jj)g(βj)p(z) dz dβj . (67)
To specify the prior p(z), we require that inference depends on αˆ only through its rowspace (see Section
3). A prior that satisfies this requirement is the so-called “g-prior” [Zellner, 1986, Liang et al., 2008]:
z | αˆ ∼ Nq(0, φ2(αˆαˆᵀ)−1), (68)
where φ ∈ R+ is a hyperparameter that we estimate by maximum marginal likelihood. With this prior the
marginal likelihood is ∫
β
Np(βˆ|β,S + φ2αˆᵀ(αˆαˆᵀ)−1αˆ)
p∏
j=1
g(βj) dβj , (69)
which depends on αˆ only through its rowspace.
When we include the estimation of the hyperparameter φ, and a variance scaling parameter ξ ∈ R+
(Section 3.1) the full BACKWASH Step 3 becomes:
3. Let
(gˆ, φˆ, ξˆ) := arg max
(g,φ,ξ) ∈ U×R+×R+
p(βˆ|g, φ, ξ, αˆ,S) (70)
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= arg max
(g,φ,ξ) ∈ U×R+×R+
∫
β
Np(βˆ|β, ξS + φ2αˆᵀ(αˆαˆᵀ)−1αˆ)
p∏
j=1
g(βj) dβj . (71)
Maximizing (71) is difficult, and so we resort to a variational approximation [Blei et al., 2017] and instead
maximize a lower bound for the marginal likelihood over g, φ, and ξ (see Appendix A.8 for details).
A.8 Variational EM Algorithm for BACKWASH
In this section, we present the Variational Expectation Maximization (VEM) algorithm that we developed
for the BACKWASH procedure in Section A.7. For a good introduction to variational methods, see Bishop
[2006]. The model in Section A.7 is
[βˆ|β, φ, ξ] ∼ Np(β, ξS + φ2αˆᵀ(αˆαˆᵀ)−1αˆ) (72)
βj i.i.d. s.t. p(βj) =
M∑
m=0
pimN(βj |0, τ2m), (73)
where the τm’s are known. Let
A := αˆᵀ(αˆαˆᵀ)−1/2 ∈ Rp×q. (74)
We augment model (72)-(73) with a standard Gaussian vector v ∈ Rq and 1-of-M binary vectors wj ∈ RM ,
j = 1, . . . , p. Then (72)-(73) may be equivalently represented by
βˆ
d
= β + φAv + e (75)
v ∼ Nq(0, Iq) (76)
e ∼ Np(0, ξS) (77)
p(βj ,wj) =
M∏
m=0
[
pimN(βj |0, τ2m)
]wjm
. (78)
Our variational approach will be to maximize over (f,pi, φ, ξ) the following lower-bound of the log-
marginal likelihood
log p(βˆ|pi, φ, ξ) ≥
∫
f(β,W ,v) log
(
p(βˆ,β,W ,v|pi, φ, ξ)
f(β,W ,v)
)
dβ dW dv, (79)
where f an element of some constrained class of densities and
p(βˆ,β,W ,v|pi, φ, ξ) = p(βˆ|β,v, φ, ξ)p(β,W |pi)p(v). (80)
We perform mean-field variational inference and constrain f to be factorized by
f(β,W ,v) = f(v)
p∏
j=1
f(βj ,wj). (81)
This is the only assumption that we place on the form of the variational densities. Here, we are indexing
the variational densities by their arguments. After maximizing (79) over (f,pi, φ, ξ), we use the f(βj ,wj)’s
to provide posterior summaries for the βj ’s.
The variational updates for all parameters involved are presented in Algorithm 2. As the derivations are
standard and tedious, we place the details in Appendix A.12, though we make a few comments here. First,
the variational density of v is a multivariate normal which we parameterize with mean µv and covariance
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Σv. The variational densities of the βj ’s turn out to be mixtures of Gaussians which we parameterize with
mixing means µjm, mixing variances σjm, and mixing proportions γjm. Importantly, if the prior on the βj ’s
contains a τm that is 0, representing a pointmass at 0, then the variational densities of the βj ’s also must
have a pointmass at 0. This allows us to return local false discovery rates. The λm’s in Algorithm 2 are
the same penalties as in Section 3.2. Finally, we do not need to initialize all parameters. It turns out that
it suffices to initialize the variational means of the βj ’s, the mean of v, the prior mixing proportions pi, the
“g” hyperparameter φ, and the variance scaling parameter ξ. We initialize the means of the βj ’s, denoted
µβ, by the posterior means from fitting ASH to (βˆ,S) assuming no confounding, and we initialize µv by
regressing the resulting residuals on A. It intuitively makes sense to initialize ξ at 1 as this simply indicates
that one has adequate variance estimates S obtained during the FA step. The choice of initialization of φ is
not so clear, but we choose a default of 1. Finally, we use the same initialization of the pim’s as ASH.
Algorithm 2 Variational Expectation Maximization algorithm to fit BACKWASH.
Initialize parameters:
Initialize µβ by the posterior means from fitting ASH on (βˆ,S).
Initialize µv = (A
ᵀS−1A)−1AᵀS−1(βˆ − µβ).
Initialize ξ = 1.
Initialize φ = 1.
repeat
Set r = βˆ − φAµv.
for j = 1, . . . , p do
for m = 0, . . . ,M do
Set σ2jm =
(
1
τ2m
+ 1
ξs2jj
)−1
.
Set µjm = rjσ
2
jm/(ξs
2
jj).
Set γjm =
pimN(rj |0,ξs2jj+τ2m)∑M
m=0 pimN(rj |0,ξs2jj+τ2m)
.
end for
Set µβj =
∑M
m=0 γjmµjm.
end for
for m = 0, . . . ,M do
Set pim =
∑p
j=1 γjm+λm−1∑M
m=0
∑p
j=1 γjm+
∑M
m=0 λm−(M+1)
.
end for
Set Σv =
(
φ2
ξ A
ᵀS−1A+ Iq
)−1
.
Set µv =
φ
ξΣvA
ᵀS−1(βˆ − µβ).
Set φ =
µᵀvA
ᵀS−1(βˆ−µβ)
µᵀvAᵀS−1Aµv+tr(AᵀS−1AΣv)
.
Set
ξ =
1
p
{
βˆ
ᵀ
S−1βˆ +
P∑
j=1
1
s2jj
M∑
m=0
γjm(µ
2
jm + σ
2
jm) + φ
2 tr
(
AᵀS−1A(µvµ
ᵀ
v + Σv)
)
− 2βˆᵀS−1µβ − 2φβˆ
ᵀ
S−1Aµv + 2φµ
ᵀ
βS
−1Aµv
}
.
(82)
Calculate the penalized ELBO (130).
until Convergence
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A.9 Simulation details
We describe here how we simulated the data in Section 4.1. The procedure is the same as in Gerard and
Stephens [2017].
First, we took the top p expressed genes from the GTEx RNA-seq data [GTEx Consortium, 2015] and
randomly sampled n individuals, yielding an n×p count matrixZ. We then randomly assigned n/2 samples to
one group and other n/2 samples to a second group. At this point, all gene expression levels are theoretically
unassociated with the group label as group assignment was done independently of any gene expression. We
used this as one scenario in our simulations (where pi0 = 1)
We then added signal to a proportion (1−pi0) of genes, randomly chosen from the set of genes represented
in the null data, as follows. First, we sampled the effect sizes from a N(0, 0.82), the variance being chosen
as to make the AUC of all methods neither too close to 1 nor too close to 0.5. For j` ∈ Ω, the set of non-null
genes, let
aj1 , . . . , aj(1−pi0)p
iid∼ N(0, 0.82), (83)
be the effect sizes. For each j` ∈ Ω, we then drew new counts wij` from zij` by
wij` |zij` ∼

Binomial(zij` , 2
aj`xi2) if aj` < 0 and j` ∈ Ω,
Binomial(zij` , 2
−aj` (1−xi2)) if aj` > 0 and j` ∈ Ω
δ(zij`) if j` /∈ Ω,
(84)
Here, δ(a) is notation for a point-mass at a. We then used W as our new response matrix of counts. To
obtain the Y in (5), we simply took a log2 transformation of the elements of W .
The intuition behind this approach is that if the original counts zij are Poisson distributed, then the new
counts wij are also Poisson distributed with aj being the approximate log2-effect between groups. That is,
if zij ∼ Poisson(λj), then
[wij |aj , aj < 0, j ∈ Ω] ∼ Poisson(2ajxi2λj) (85)
[wij |aj , aj > 0, j ∈ Ω] ∼ Poisson(2−aj(1−xi2)λj). (86)
Hence,
E[log2(wij)− log2(wkj)|aj , aj < 0, j ∈ Ω] ≈ ajxi2 − ajxk2 = aj(xi2 − xk2), and (87)
E[log2(wij)− log2(wkj)|aj , aj > 0, j ∈ Ω] ≈ −aj(1− xi2) + aj(1− xk2) = aj(xi2 − xk2). (88)
See also Kvam et al. [2012], Reeb and Steibel [2013], Soneson and Delorenzi [2013], van de Wiel et al.
[2014], Rocke et al. [2015] for similar simulation settings.
A.10 Analysis using the control genes of Lin et al. [2017]
We repeated the analysis of the GTEx data in Section 4.3 using the list of control genes collated by Lin et al.
[2017]. This list was created using single cell sequencing data and contains only moderate overlap with the
list developed by Eisenberg and Levanon [2013]. We observe:
1. The lfdr estimates for the control gene methods are mostly similar when using the two different lists.
Compare Figures 4 and S6. Also compare Figures S4 and S7.
2. The estimates of the proportion of genes that are null are also mostly similar when using the two lists.
Compare Tables 1 and S2.
3. RUV2 methods improved slightly in the positive control analysis when using the list from Lin et al.
[2017]. Compare Figures 3 and S5. However, again, most of the methods performed similarly in ranking
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the most significant genes.
The comparable performance of control gene methods when using the lists of Lin et al. [2017] and
Eisenberg and Levanon [2013] does not indicate that these lists are of comparable quality. Recall that
MOUTHWASH and BACKWASH both indicate that the vast majority of genes are null. Thus, it might
be that many lists of “control genes” would give similar performance, because the vast majority of these
“control genes” would indeed by null.
A.11 t-likelihood Variance Inflated CATE
Algorithm 3 EM Algorithm for fitting a regression with t-errors
1: E-step: Set
wj =
νj + 1
(βˆCj − αˆᵀCjz(old))2/(ξ(old)s2Cj) + νj
(89)
2: M-step: Let W := diag(w1, . . . , wm). Set
z(new) = (αˆCWS
−1
C αˆ
ᵀ
C)
−1αˆCWS−1C βˆC (90)
ξ(new) =
1
m
m∑
j=1
wj
σ2j
(βˆj − αˆᵀCjz(new))2 (91)
To improve robustness to modeling assumptions, we explored modifying CATE to use a t-likelihood in
its second step. This is akin to the ideas presented in Section 3.2. We replace (9) with
[βˆCj |αˆᵀCj , z, ξ, s2Cj ] ind∼ tνj (αˆᵀCjz, ξs2Cj), (92)
where tνj (·|a, b2) is as defined in (63) and αˆCj is the jth column of αˆC . The degrees of freedom (νj ’s) are
assumed known. CATE uses (9) to estimate z by maximum likelihood. Hence, we use (92) to estimate z and
ξ by maximum likelihood. To do so, we apply an expectation-maximization (EM) algorithm that is similar
to that discussed in Appendix A.2 of Lange et al. [1989]. The model (92) can be represented by including a
latent variable τj for each observation
βˆCj |τj ∼ N(αˆᵀCjz, τjξs2Cj), τj ∼ Inverse-Gamma(νj/2, νj/2), (93)
Using (93), an EM algorithm to fit this model is easily obtained. One step of this algorithm is presented in
Algorithm 3. Repeated applications of the step in Algorithm 3 is guaranteed to increase the likelihood at
each iteration, converging to a local maximum.
A.12 Derivation of VEM Algorithm
Here, we derive the updates for the variational EM algorithm presented in Section A.8. We begin by writing
out all densities involved:
p(βˆ,β,W ,v|pi, ξ, φ) = p(βˆ|β,v, ξ, φ)p(β,W |pi)p(v), (94)
p(βˆ|β,v, ξ, φ) = (2pi)−p/2ξ−p/2 det(S)−1/2 exp
(
− 1
2ξ
(βˆ − β − φAv)ᵀS−1(βˆ − β − φAv)
)
, (95)
p(β,W |pi) =
p∏
j=1
M∏
m=0
{
pim(2piτ
2
m)
−1/2 exp
(
− 1
2τ2m
β2j
)}wjm
, (96)
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p(v) = (2pi)−q/2 exp
(
−1
2
vᵀv
)
, (97)
h(pi) =
M∏
m=0
piλm−1m . (98)
Update of f(βj ,wj): By a general result in mean-field variational inference [see Bishop, 2006, for example]
we update f(βj ,wj) by
log f(βj ,wj) ∝ E−(βj ,wj)
[
log p(βˆ,β,W ,v|pi, ξ, φ)
]
, (99)
where “∝” here denotes that the relationship holds up to an additive constant that does not depend on
(βj ,wj), and E−(βj ,wj)[·] denotes that we take the expectation with respect to all variational densities
except that of (βj ,wj). Let r := βˆ − φAE[v]. Then we have
(99) ∝ E−(βj ,wj)
[
log p(βˆ|β,v, ξ, φ) + log p(βj ,wj |pi)
]
(100)
∝ E−(βj ,wj)
[
− 1
2ξ
(βˆ − β − φAv)ᵀS−1(βˆ − β − φAv)
]
+ log p(βj ,wj |pi) (101)
∝ − 1
2ξsjj
(
β2j − 2βjrj
)
+ log p(βj ,wj |pi) (102)
∝ log
(
N(rj |βj , ξs2jj)
)
+ log p(βj ,wj |pi) (103)
∝ log
(
N(rj |βj , ξs2jj)
)
+
M∑
m=0
wjm log
(
pimN(βj |0, τ2m)
)
(104)
∝
M∑
m=0
wjm log
(
pimN(rj |βj , ξs2jj)N(βj |0, τ2m)
)
(105)
∝
M∑
m=0
wjm log
(
pimN(rj |0, ξs2jj + τ2m)N(βj |µjm, σ2jm)
)
, (106)
where
σ2jm :=
(
1
τ2m
+
1
ξs2jj
)−1
, and (107)
µjm := rjσ
2
jm/(ξs
2
jj). (108)
Equation (106) follows by standard Bayesian conjugacy arguments. Equation (106) is the log-kernel of a
density of a mixture of normals with mixing means µjm for m = 0, . . . ,M and mixing variances σ
2
jm for
m = 0, . . . ,M . The mixing weights are proportional to pimN(rj |0, ξs2jj +τ2m). Since the mixing weights must
sum to unity we have that they are
γjm :=
pimN(rj |0, ξs2jj + τ2m)∑M
m=0 pimN(rj |0, ξs2jj + τ2m)
. (109)
Update f(v): Again, using a standard argument from mean-field variational inference, we update the
variational density of v with
log f(v) ∝ E−v
[
log p(βˆ,β,W ,v|pi, ξ, φ)
]
(110)
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∝ E−v
[
log p(βˆ|β,v, ξ, φ) + log p(v)
]
(111)
∝ E
[
− 1
2ξ
(βˆ − β − φAv)ᵀS−1(βˆ − β − φAv)
]
− 1
2
vᵀv (112)
∝ −1
2
(
φ2
ξ
vᵀAᵀS−1Av − 2φ
ξ
vᵀAᵀS(βˆ − E[β])
)
− 1
2
vᵀv (113)
∝ −1
2
vᵀ(φ2
ξ
AᵀS−1A+ Iq
)
v − 2φ
ξ
vᵀAᵀS(βˆ − E[β])
 . (114)
Equation (114) is the log-kernel of a multivariate normal density with covariance matrix Σv and mean µv,
where
Σv :=
(
φ2
ξ
AᵀS−1A+ Iq
)−1
, and (115)
µv :=
φ
ξ
ΣvA
ᵀS−1(βˆ − E[β]). (116)
Update φ: We update φ by finding
φ(new) = arg max
φ
E
[
log p(βˆ,β,W ,v|pi, ξ, φ)
]
(117)
= arg max
φ
E
[
log p(βˆ|β,v, ξ, φ)
]
(118)
= arg max
φ
E
[
− 1
2ξ
(βˆ − β − φAv)ᵀS−1(βˆ − β − φAv)
]
(119)
= arg min
φ
{
φ2 tr
(
AᵀS−1AE[vvᵀ]
)
− 2φE[v]ᵀAᵀS−1(βˆ − E[β])
}
(120)
=
E[v]ᵀAᵀS−1(βˆ − E[β])
tr
(
AᵀS−1AE[vvᵀ]
) . (121)
Update ξ: We update ξ by finding
ξ(new) = arg max
ξ
E
[
log p(βˆ,β,W ,v|pi, ξ, φ)
]
(122)
= arg max
ξ
E
[
log p(βˆ|β,v, ξ, φ)
]
(123)
= arg max
ξ
{
−p
2
log(ξ)− 1
2ξ
E
[
(βˆ − β − φAv)ᵀS−1(βˆ − β − φAv)
]}
(124)
=
1
p
E
[
(βˆ − β − φAv)ᵀS−1(βˆ − β − φAv)
]
. (125)
Update pi: Finally, we update pi by
pi(new) = arg max
pi
E
[
log p(βˆ,β,W ,v|pi, ξ, φ)
]
+ log(h(pi)) (126)
= arg max
pi
E
[
log p(W |pi)]+ log(h(pi)) (127)
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= arg max
pi
M∑
m=0
 p∑
j=1
E[wjm] + λm − 1
 log(pim). (128)
Hence, we have
pi(new)m =
∑p
j=1E[wjm] + λm − 1∑M
m=0
(∑p
j=1E[wjm] + λm − 1
) . (129)
All of the expectations in the above updates are tedious to compute but standard so we omit the details.
For our convergence criterion, we monitor the increase in the lower-bound of the log-marginal likelihood
(79). It can be written in closed form as∫
f(β,W ,v) log
(
p(βˆ,β,W ,v|pi, φ, ξ)
f(β,W ,v)
)
dβ dW dv
=− p
2
log(ξ)− 1
2ξ
{
βˆ
ᵀ
S−1βˆ +
P∑
j=1
1
s2jj
M∑
m=0
γjm(µ
2
jm + σ
2
jm) + φ
2 tr
(
AᵀS−1A(µvµ
ᵀ
v + Σv)
)
− 2βˆᵀS−1µβ − 2φβˆ
ᵀ
S−1Aµv + 2φµ
ᵀ
βS
−1Aµv
}
+
p∑
j=1
γj0 log(pi0) +
M∑
m=1
γjm
(
log(pim)− 1
2
log(2pi)− 1
2
log(τ2m)−
1
2τ2m
(µ2jm + σ
2
jm)
)
− 1
2
µᵀvµv −
1
2
tr(Σv) +
M∑
m=0
(λm − 1) log(pim)
+
1
2
log det(Σv)−
p∑
j=1
γj0 log(γj0) +
M∑
m=1
γjm
(
log(γjm)− 1
2
log(2pi)− 1
2
log(σ2jm)−
1
2
)
+ constant,
(130)
where “constant” indicates an additive constant that is independent of all parameters that we are optimizing
over.
A.13 Proof of Lemma 1
We make use of the following results from Lukacs [1970].
Theorem 2 (Theorem 2.1.1 from Lukacs [1970]). Let F (x) be a distribution function with characteristic
function f(t). Then
1. f(0) = 1,
2. |f(t)| ≤ 1,
where | · | denotes the modulus.
Theorem 3 (Theorem 4.5.1 from Lukacs [1970] due to Aleksandr Yakovlevich Khinchin). A distribution
function is unimodal with vertex x = 0 if, and only if, its characteristic function f(t) can be represented as
f(t) =
1
t
∫ t
0
h(u) du (−∞ ≤ t ≤ ∞), (131)
where h(u) is a characteristic function.
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Proof of Lemma 1. Let f(t) be the characteristic function of F and let g(t) be the characteristic function of
G. Recall that the characteristic function of a N(0, ξ) random variable is
k(t) := e−
1
2 ξt
2
. (132)
Since F is a convolution of G and a N(0, ξ) distribution function, we have
f(t) = e−
1
2 ξt
2
g(t)⇒ g(t) = e 12 ξt2f(t). (133)
Since f(t) is unimodal about 0, we use representation (131) and write
g(t) = e
1
2 ξt
2 1
t
∫ t
0
h(u) du, (134)
where h(t) is a characteristic function. Using integration by parts, we can write (134) as
g(t) =
1
t
∫ t
0
[
ξu2e
1
2 ξu
2 1
u
∫ u
0
h(v) dv + e
1
2 ξu
2
h(u)
]
du. (135)
We now show that the integrand in (135) is not a characteristic function for sufficiently large ξ. Using (131)
and (132), we can write the integrand in (135) as
ξu2k(u)f(u) + k(u)h(u). (136)
Since
|ξu2k(u)f(u) + k(u)h(u)| = ξ|u2k(u)f(u) + k(u)h(u)/ξ|, (137)
it is now clear that for any fixed non-zero u, the limit of (137) as ξ →∞ is ∞. Thus, for any fixed non-zero
u, we can make ξ large enough so that the modulus of (136) is larger than 1, violating property 2 of Theorem
2. Thus, for large enough ξ, (136) is not a characteristic function.
It remains to note that the integrand in (135) is unique up to a set of Lebesgue measure 0. That is, if
g(t) =
1
t
∫ t
0
q(u) du (−∞ ≤ t ≤ ∞), (138)
then
q(u) = ξu2e
1
2 ξu
2 1
u
∫ u
0
h(v) dv + e
1
2 ξu
2
h(u), (139)
except on a set of Lebesgue measure zero. Thus, q(u) −→
ξ→∞
∞ almost everywhere, and so there is no choice
of q(u) that is a characteristic function for all ξ. Hence, for large enough ξ, G is not unimodal.
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A.14 Supplementary Figures
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Figure S1: Histograms of lfdr for four methods applied to a single simulated null dataset. From left to
right: OLS followed by ASH; a voom transformation followed by limma and hierarchical shrinkage of variances
[Law et al., 2014] followed by ASH; MOUTHWASH; and BACKWASH.
Table S1: Computation time, in seconds, of the methods fit in Section 4.1 when n = 100 and p = 10,000.
The “Time” column contains the 0.5, 0.025, and 0.975 quantiles of computation time over 100 replicates.
Method Time (sec)
OLS 0.03 (0.03, 0.04)
RUV2 0.08 (0.08, 0.11)
CATErr 0.18 (0.17, 0.24)
CATEnc 0.64 (0.62, 0.88)
RUV3 1.13 (1.1, 1.35)
SVA 2.09 (2.07, 2.76)
MOUTHWASH 139.85 (134.57, 150.1)
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Figure S2: Boxplots of estimates of pi0 for all the methods when pi0 = 0.5. The rows are the sample sizes,
the columns are the number of control genes used (for methods that use control genes). The methods are
ordered by the their mean squared error in the case when there are 10 control genes and the sample size is
40. The dashed horizontal line has a y-intercept at 0.5
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Figure S3: Boxplots of estimates of pi0 for all the methods when pi0 = 1. The rows are the sample sizes,
the columns are the number of control genes used (for methods that use control genes). The methods are
ordered by the their mean squared error in the case when there are 10 control genes and the sample size is
40. The dashed horizontal line has a y-intercept at 1
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Figure S4: Smallest 500 lfdr’s versus rank for each method in each tissue from the GTEx data. Each facet
is a different method and each line is a different tissue.
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Figure S5: This is a repeat of Figure 3 except the control gene methods use the list from Lin et al. [2017].
See Figure 3 for a description.
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Table S2: Median estimate of pi0 for each method across tissues when testing for differences between sexes.
This is the same table as Table 1 except the control gene methods used the list from Lin et al. [2017].
Method pˆi0
SVA+ASH 0.28
CATErr+ASH 0.33
RUV3+ASH 0.39
OLS+ASH 0.40
RUV2+ASH 0.40
CATEnc+ASH 0.49
SVA+qvalue 0.70
CATEnc+Cal+ASH 0.71
CATErr+qvalue 0.76
CATEnc+qvalue 0.77
RUV2+qvalue 0.78
RUV3+qvalue 0.78
OLS+qvalue 0.80
CATEnc+Cal+qvalue 0.87
CATErr+MAD+ASH 0.91
MOUTHWASH 0.99
CATEnc+MAD+ASH 0.99
BACKWASH 0.99
CATEnc+MAD+qvalue 1.00
CATErr+MAD+qvalue 1.00
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Figure S6: This is a repeat of Figure 4 except the control gene methods use the list from Lin et al. [2017].
See Figure 4 for a description.
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Figure S7: This is a repeat of Figure S4 except the control gene methods use the list from Lin et al. [2017].
See Figure S4 for a description.
39
References
Yoav Benjamini and Yosef Hochberg. Controlling the false discovery rate: a practical and powerful approach
to multiple testing. Journal of the royal statistical society. Series B (Methodological), pages 289–300, 1995.
URL http://www.jstor.org/stable/2346101.
Christopher M Bishop. Pattern Recognition and Machine Learning. Springer, 2006. ISBN 978-0-387-31073-2.
David M. Blei, Alp Kucukelbir, and Jon D. McAuliffe. Variational inference: A review for statisticians. Jour-
nal of the American Statistical Association, 112(518):859–877, 2017. doi: 10.1080/01621459.2017.1285773.
Stephen Boyd and Lieven Vandenberghe. Convex Optimization. Cambridge University Press, 2004. ISBN
978-0-521-83378-3.
RP Brent. An algorithm with guaranteed convergence for finding a zero of a function. The Computer
Journal, 14(4):422–425, 1971. doi: 10.1093/comjnl/14.4.422.
Carlos M. Carvalho, Jeffrey Chang, Joseph E. Lucas, Joseph R. Nevins, Quanli Wang, and Mike West. High-
dimensional sparse factor modeling: Applications in gene expression genomics. Journal of the American
Statistical Association, 103(484):1438–1456, 2008. doi: 10.1198/016214508000000869. PMID: 21218139.
A. P. Dawid. Some matrix-variate distribution theory: notational considerations and a Bayesian application.
Biometrika, 68(1):265–274, 1981. ISSN 0006-3444. doi: 10.1093/biomet/68.1.265.
Bradley Efron. Large-scale simultaneous hypothesis testing. Journal of the American Statistical Association,
pages 96–104, 2004. doi: 10.1198/016214504000000089.
Bradley Efron. Microarrays, empirical Bayes and the two-groups model. Statistical science, 23(1):1–22, 2008.
doi: 10.1214/07-STS236.
Eli Eisenberg and Erez Y Levanon. Human housekeeping genes, revisited. Trends in Genetics, 29(10):
569–574, 2013. doi: 10.1016/j.tig.2013.05.010.
Barbara E. Engelhardt and Matthew Stephens. Analysis of population structure: A unifying framework and
novel methods based on sparse factor analysis. PLOS Genetics, 6(9):1–12, 09 2010. doi: 10.1371/jour-
nal.pgen.1001117.
Nicolo´ Fusi, Oliver Stegle, and Neil D. Lawrence. Joint modelling of confounding factors and prominent
genetic regulators provides increased accuracy in genetical genomics studies. PLoS Computational Biology,
8(1):1–9, 01 2012. doi: 10.1371/journal.pcbi.1002330.
Johann Gagnon-Bartsch, Laurent Jacob, and Terence Speed. Removing unwanted variation from high di-
mensional data with negative controls. Technical report, Technical Report 820, Department of Statistics,
University of California, Berkeley, 2013. URL http://statistics.berkeley.edu/tech-reports/820.
Johann A Gagnon-Bartsch and Terence P Speed. Using control genes to correct for unwanted variation in
microarray data. Biostatistics, 13(3):539–552, 2012. doi: 10.1093/biostatistics/kxr034.
David Gerard and Matthew Stephens. Unifying and generalizing methods for removing unwanted variation
based on negative controls. arXiv preprint arXiv:1705.08393, 2017. URL https://arxiv.org/abs/1705.
08393.
GTEx Consortium. The Genotype-Tissue Expression (GTEx) pilot analysis: Multitissue gene regulation in
humans. Science, 348(6235):648–660, 2015. ISSN 0036-8075. doi: 10.1126/science.1262110.
Peter D. Hoff. Model averaging and dimension selection for the singular value decomposition. J. Amer.
Statist. Assoc., 102(478):674–685, 2007. ISSN 0162-1459. doi: 10.1198/016214506000001310.
40
Roger Koenker and Ivan Mizera. Convex optimization in R. Journal of Statistical Software, 60(5):1–23,
2014. doi: 10.18637/jss.v060.i05.
Vanessa M Kvam, Peng Liu, and Yaqing Si. A comparison of statistical methods for detecting differ-
entially expressed genes from RNA-seq data. American journal of botany, 99(2):248–256, 2012. doi:
10.3732/ajb.1100340.
Kenneth L. Lange, Roderick J. A. Little, and Jeremy M. G. Taylor. Robust statistical modeling using the t
distribution. J. Amer. Statist. Assoc., 84(408):881–896, 1989. ISSN 0162-1459. doi: 10.2307/2290063.
Charity W Law, Yunshun Chen, Wei Shi, and Gordon K Smyth. Voom: precision weights unlock linear model
analysis tools for RNA-seq read counts. Genome biology, 15(R29), 2014. doi: 10.1186/gb-2014-15-2-r29.
Jeffrey T Leek and John D Storey. Capturing heterogeneity in gene expression studies by surrogate variable
analysis. PLoS Genetics, 3(9):1724–1735, 2007. doi: 10.1371/journal.pgen.0030161.
Jeffrey T Leek and John D Storey. A general framework for multiple testing dependence. Proceedings of the
National Academy of Sciences, 105(48):18718–18723, 2008. doi: 10.1073/pnas.0808709105.
Jeffrey T Leek, Robert B Scharpf, He´ctor Corrada Bravo, David Simcha, Benjamin Langmead, W Evan
Johnson, Donald Geman, Keith Baggerly, and Rafael A Irizarry. Tackling the widespread and critical
impact of batch effects in high-throughput data. Nature Reviews Genetics, 11(10):733–739, 2010. doi:
10.1038/nrg2825.
Feng Liang, Rui Paulo, German Molina, Merlise A Clyde, and Jim O Berger. Mixtures of g priors for
Bayesian variable selection. Journal of the American Statistical Association, 103(481):410–423, 2008. doi:
10.1198/016214507000001337.
Yingxin Lin, Shila Ghazanfar, Dario Strbenac, Andy Wang, Ellis Patrick, Terence Speed, Jean Yang, and
Pengyi Yang. Housekeeping genes, revisited at the single-cell level. bioRxiv, 2017. doi: 10.1101/229815.
Joe Lucas, Carlos Carvalho, Quanli Wang, Andrea Bild, JR Nevins, and Mike West. Sparse statistical
modelling in gene expression genomics. In Kim-Anh Do, Peter Mu¨ller, and Marina Vannucci, editors,
Bayesian inference for gene expression and proteomics, pages 155–176. Cambridge University Press, 2006.
URL http://citeseerx.ist.psu.edu/viewdoc/summary?doi=10.1.1.64.3761.
Eugene Lukacs. Characteristic functions. Charles Griffin & Company Limited, London, 2 edition, 1970.
ISBN 85264-170-2.
Patrick O Perry and Natesh S Pillai. Degrees of freedom for combining regression with factor analysis. arXiv
preprint arXiv:1310.7269, 2015. URL https://arxiv.org/abs/1310.7269.
Joseph K Pickrell, John C Marioni, Athma A Pai, Jacob F Degner, Barbara E Engelhardt, Everlyne Nkadori,
Jean-Baptiste Veyrieras, Matthew Stephens, Yoav Gilad, and Jonathan K Pritchard. Understanding
mechanisms underlying human gene expression variation with RNA sequencing. Nature, 464(7289):768–
772, 2010. doi: 10.1038/nature08872.
Pablo D Reeb and Juan P Steibel. Evaluating statistical analysis models for RNA sequencing experiments.
Frontiers in genetics, 4, 2013. doi: 10.3389/fgene.2013.00178.
David M Rocke, Luyao Ruan, Yilun Zhang, J. Jared Gossett, Blythe Durbin-Johnson, and Sharon Aviran.
Excess false positive rates in methods for differential gene expression analysis using RNA-seq data. bioRxiv,
2015. doi: 10.1101/020784.
G. K. Smyth. Linear models and empirical Bayes methods for assessing differential expression in microarray
experiments. Statistical Applications in Genetics and Molecular Biology, 3(1), 2004. doi: 10.2202/1544-
6115.1027.
41
Charlotte Soneson and Mauro Delorenzi. A comparison of methods for differential expression analysis of
RNA-seq data. BMC bioinformatics, 14(1):91, 2013. doi: 10.1186/1471-2105-14-91.
Muni Shanker Srivastava and C. G. Khatri. An introduction to multivariate statistics, 1979.
Oliver Stegle, Anitha Kannan, Richard Durbin, and John Winn. Accounting for non-genetic factors improves
the power of eQTL studies. In Martin Vingron and Limsoon Wong, editors, Research in Computational
Molecular Biology: 12th Annual International Conference, RECOMB 2008, Singapore, March 30 - April
2, 2008. Proceedings, pages 411–422, Berlin, Heidelberg, 2008. Springer Berlin Heidelberg. ISBN 978-3-
540-78839-3. doi: 10.1007/978-3-540-78839-3 35.
Oliver Stegle, Leopold Parts, Richard Durbin, and John Winn. A Bayesian framework to account for complex
non-genetic factors in gene expression levels greatly increases power in eQTL studies. PLOS Computational
Biology, 6(5):1–11, 05 2010. doi: 10.1371/journal.pcbi.1000770.
Oliver Stegle, Leopold Parts, Matias Piipari, John Winn, and Richard Durbin. Using probabilistic estimation
of expression residuals (PEER) to obtain increased power and interpretability of gene expression analyses.
Nature protocols, 7(3):500–507, 2012. doi: 10.1038/nprot.2011.457.
Charles M. Stein. Estimation of the mean of a multivariate normal distribution. Ann. Statist., 9(6):1135–
1151, 11 1981. doi: 10.1214/aos/1176345632.
Matthew Stephens. False discovery rates: a new deal. Biostatistics, 2016. doi: 10.1093/biostatistics/kxw041.
Matthew Stephens, Chaoxing Dai, Mengyin Lu, David Gerard, Nan Xiao, and Peter Carbonetto. ashr:
Methods for Adaptive Shrinkage, using Empirical Bayes, 2016. URL https://cran.r-project.org/
package=ashr. R package version 2.0.5.
John D. Storey. The positive false discovery rate: A Bayesian interpretation and the q-value. Ann. Statist.,
31(6):2013–2035, 12 2003. doi: 10.1214/aos/1074290335.
Yunting Sun, Nancy R. Zhang, and Art B. Owen. Multiple hypothesis testing adjusted for latent variables,
with an application to the AGEMAP gene expression data. Ann. Appl. Stat., 6(4):1664–1688, 12 2012.
doi: 10.1214/12-AOAS561.
Mark A. van de Wiel, Maarten Neerincx, Tineke E. Buffart, Daoud Sie, and Henk MW Verheul. ShrinkBayes:
a versatile R-package for analysis of count-based sequencing data in complex study designs. BMC Bioin-
formatics, 15(1):116, Apr 2014. ISSN 1471-2105. doi: 10.1186/1471-2105-15-116.
Jingshu Wang, Qingyuan Zhao, Trevor Hastie, and Art B. Owen. Confounder adjustment in multiple
hypothesis testing. Ann. Statist., 45(5):1863–1894, 10 2017. doi: 10.1214/16-AOS1511.
Michelle C Ward, Siming Zhao, Kaixuan Luo, Bryan J Pavlovic, Mohammad M Karimi, Matthew Stephens,
and Yoav Gilad. Silencing of transposable elements may not be a major driver of regulatory evolution in
primate iPSCs. eLife, 7:e33084, 2018. ISSN 2050-084X. doi: 10.7554/eLife.33084.
Arnold Zellner. On assessing prior distributions and Bayesian regression analysis with g-prior distributions.
In Prem Goel and Arnold Zellner, editors, Bayesian inference and decision techniques: Essays in Honor
of Bruno De Finetti, pages 233–243. North Holland, Amsterdam, 1986.
Yijuan Zhang, Ding Li, and Bingyun Sun. Do housekeeping genes exist? PLOS ONE, 10(5):1–22, 05 2015.
doi: 10.1371/journal.pone.0123691.
42
